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v -) Define Convexity of a bond and find the relatiop
© (a . i 4 ‘
L ( petween the Convexity, Duration and Bond price.

row does convexity measure sensitivity of .

portfolio?

(b) Consider the .three’ bonds -hav_ing ,paymgn'ts s
shown in the table below. They are traded to

~ procure a 12% yield with continuous compounding,

End of year |Bond A  |BondB | BondC
ayments RIS RO P [

Year 1 1000 1500 - 0

Year2 | 1000 500, .. [0 -]
Year 3 1000+10000 | 500+10000 | 0+10000 |

Determine th‘e price ‘andi,dur_jatirohr of ';_'ea(:h,bond._ |

(¢) Explain Forward :Rate_'s.-._Derive ‘the 'follv\owing
relation : - o Qe |

Rp =R, (Ryomy) T

teand T opec .
. - SR ctively. What
happens when R, > R? ..2. P ‘,’é ¥ o
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2. (a) (i) An'investor sells a European call option with
strike price of K and maturity T and buys 2
put with the same strike price and maturity.

* Describe the investor’s position.

(i1) An investor sells a European call on a share
for %6, ‘fhe stock price ‘is ?45 and the strike

- price is ¥52. Under what cucumstances W111
the seller of the option make a proflt? Under

what c1rcumstances will the option be ‘

exerc1sed‘7

\

(b) Write a short note on European put optlons Explam

~ the payoffs in different types of put optlon posmons
with the help of dlagrams ' |

(c)Explain Hedging. A United States co_miaany
" expects to pay 1 million Euros in 3 months. Explain

how the exchange rate risk can be hedged using
(1) A Forward Contract -

(ii) An Option.

P.T.0.
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3. |
prices. Explain any three of them.

(B) Derive the put-call parity for Eu'r_dpean options on

a non-dividend-paying stock. Use put-call parity

to derive the relationship between the gamma of |

(a) Name the ‘Si‘x factors th_at affect stock option

a European call and the gamma of a European put |

on a non-dividend-paying stock.

(c) Find lower bound and upper bound for the price
of a l-month European put option on a non-
dividend-paying stock when the stock price is ¥30,

the strike price is ¥34, and the risk-free interest

rate is 6% per annum? Justify your answer with .

no arbitrage arguments, (e—0-005 =0.9950).

4.

and A Sharés of the

tock. What ; he v . h
stock. ¥ at,ls the valye of A which m k ;
| ‘ akes the

»
by .‘{‘.ﬁ-_ﬁ-wmﬁ\w?ﬁ?.f. e . T
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" find the price of a onc- month E

5

nts
portfolm riskless? Using no-arbitrage argumerts:

uropean call

: . . e
option with a strike price of I397 (You can us

exponential value: e*%% = 1.005).

' /
(b) *A stock price 18 currently 350. Over each of the

next two three-month periods it is expected to
go" up by 6% or down by 5%. The r1sk free
interest rate 1s 5% per annum W1th contlnuous

compoundmg What 1s the value of ‘a six- month |

European call optlon w1th a str1ke prlce of T517

(You can use exponentlal Value e 00125 = = 0. 9876)

(c) Consider a two-perlod b1nom1a1 model w1th current

stock prlce S, = ?100 the up factor u = 1. 2 the

down factor d = 0.8, T= 1 year and each perrod

being of length six months. The risk- free interest
rate is % per annum ‘W1th cc_mtmuous

cdmpounding. Construct the two-period binoiniai |

~ tree for the stock. F-indthe price of an American

put option with strike K = Y104 and maturi_ty‘
T =1 year, (095 = (,9753)

P.T.0
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(b)

(c)

6.

(a) Given that in a risk-neutral world,

. B
In Sy ~ d)[ln Sy +(1'~"G2-—]Ts UzTJ ,

where S is the 'stock price at a future.tirﬁe T,
S, is the current stock price, r is,the riSke‘free |
rate, ¢ is the volatlllty and ¢(m, v) denotes a
normal dlstrlbutlon with 1 mean. m and Varlance V. :
For the given strlke prwe K, flnd P(S > K) the'
probability that a European call optlon be exermsed

in a risk-neutral world.

Show that the Black—Scholes—Merton formulas

for call and put opt1ons satlsfy the put call parity. i

What is the price of a Ettr'opeen ca'll‘o'ption ona
non- d1v1dend-pay1ng stock when the stock prlce is

¥52, the strlke price is ?50 the rlsk free 1nterest.

rate is 12% per annum, the volatlhty i$ 30% per

-annum, and the time tq maturity is three months?

(You can use ValuE:s:_ lﬁ(26/25) = 0.0392,
- exp(-0.03) = 0.9704) R |
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6. (a) Discuss the d.cltn of a Europecan call optionl and -
calculate the delta of an at-the-moncy 6-month
European call option on a non-divi‘dcnd-paying
stock when the risk-frec interest rate is 8% per
annum and the stock price volatility is 30% per '_

annum.

~ (b) Companies A and B h'ave been offered: the

following ra_teé_ per annum on a %10 million loan

. 'for 5 years:
 Fhedmte  Floingre
.Comp‘any,A.' _;12.'(5% " L[-BQR+l 0'.;1%.
Company B 14.5% L'IBdR s '6.9‘%{ a3

Company Areduire’s a floating-rate vloa'ri? Cbmpany -
B requires 'affixedi-ra‘te. loan. Design a swap fhat
_will net a Bank, acting as intermédia‘ry,’ 0.1% per
aﬁnum" anci that will apﬁear -equélly- attractive t.ol

both ,compahie's., ,

P.T.O..
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(c) Find the payoff from a bull spread created using

call options. Also draw the_pr_ofit diagram

corresponding to this trading strategy.

_(2000)
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1. (a) A farmer purchased 100 head of livestock for a
| total cost of Rs.4000. Prices were as follow:
calves, Rs.120 each; lambs, Rs.50 each; piglets,

Rs.25 each. If the farmer obtained at least one

animal of each type, how miany of each did he

buy? (6.5)

P.T.O.
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(b) Define a complete set of residues modulo n. Vérify

that 0, 1, 2, 2%, 23, .-+, 2% form a complete set of
residues modulo 11, but that 0, 1%, 2%, 32, --. (2

do not. (6.5)

(c) Obtain three consecutive integers, the first of
which is divisible by a square, the second by j,
cube, and the third by a fourth power. = (6.5)

2. (a) State and prove Wilson’s theorem. What about its
converse? Justify your answer. - - (6.5)

(b) (1) - Use Fermat’s theorem to show that if p is an
odd prime, then
1P+ 2P + 3P + --- + (p—1)? = 0 (mod p).

(i) If p and q are distinct primes, prove that..
p¥!l + P! =1 (mod pq). - (6.5)

(c) Define Mobius p-function. If the integer n > 1 has

the prime factorization n=pfipk ...psr then prove

that

P A D)

3. (a) Find the highest power of 5 and the highest power
of 2'in 1000! and hence fing the number of zeros
with which the decimal representation of 1000!
terminates. . (6.5)
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(b) Prove that for n > I, the sum of the positive
integers less than n and relatively prime to n is

ln¢(11) and hence find the sum of the positive

a.-

integers less than 100 and relatlvely prime to 100.
(6.5)

(c) Define Euler’s ¢- functlon Show that for each
positive integer n > 1, -

0

the sum being extended over all positive divisors

of n. Verify this result for n=32. (6.5) |

4. (a) Show that if gcd(m,n) = 1 where m > 2 and n >
2, then the integer mn has no primitive roots

Hence deduce that 21 has no primitive roots.

(6.5)
(b) Define primitive root of the integer n > 1. Find all
the primitive roots of 25. (6.5)

" (c) State Euler’s criterion to determine whether an
integer a is a quadratic residue of a given prime
p. Also show that 3 is a quadratio residue of 13
but a quadratic nonresidue of 17, (6.5)

P.T.O.
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5. (a) Show that if r is a primitive root of the prime

p =1 (mod 4), then r@®""* satisfies the quachdtlc

congruence x2 + 1 = 0 (mod p). (6.5)

(b) Obtain the solution of the quadratic congluence

x2 = 23 (mod 7%) - (6.5)

(C) Let p be an odd p11me and let a and b be 1ntegers
that are relatively pume to p. Then prove that

(ab/p) = (a/p)(b/p)-

Further determin.e whether the congruence |
= —46 (mod 17) is solvable. : (6.5)

6. (a) When the RSA algorithm is based on the key
(n,k) = (1537,47), what is the recovery exponent
for the cryptosystem?. _ 5) ..

(b) Decrypt the message HOZTKGH whlch was “

produced usmg the linear cipher C = 3P+ 7 (mod ]

26). | ‘ = (5)
(c) Use the Hill’s cipher

C, = 5P, + 2P, (mod 26)
C, = 3P, + 4P, (mod 26)

to encipher the message GIVE THEM TIME.
(5)

(2500)
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1. (a) Define a Convex Set. Show that the set S defineq
as : | 4

S={(x,y) | y? < 4x} is a Convex Set.

P.T.O.
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(b) Letx, =1,x,=2,x,=4bea feasible solution t0
the system of equations:
2x, + 3%, - X, < 4
3, — X, t X3 7 5
.If not, reduce it

Is this a basic feasible solution?

to two different basic feasible solutions.

(¢) Consider the following line'ar_ programming problem:

Minimize z = ¢X
| subject to AX = b, x 20

Let (Xp, 0) be a basic feasible solution with
objective function-value zg corresponding. to a
basis B where x5 = :B“b. By entering an a; with

z,—¢; >0 and removing a b subject to:

Show that we can get a new feasible 501uti0n

with improved value of the objective function
compared to z. |
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2. (a) Using Simplex method, find the solution of the
following linear programming problem :
‘Maximize z = X, — 2%, + X,
subject to 'xl + 2x, + x3S 12
2x, + X, - X, <6
X, — 3x, 2 -9
Xy, X, X3 2 0.
(b) Using two phase method, solve the linear
- programming problem : o
Minimize z = —3x, + x2 .

subject to 2x,; +x, 22

IV

X, +3x, <3
X, < 4

X 2 0.

X Xy

(c) Solve the folloWin_g liﬁeaf programming prdblem
by Big - M method :
Maximize z = 3x, + 2x, + 3x,
subject to | 2x, +I xz‘J.“ X, < 2
3%, + 4x, +2x, 2 8
X0 XVZ, X;2 0.

P.T.O.
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3. (a\) Consider the following prir_nél problem (P) and dual
problem (D) : '
(P) Minimize z = CX

Subject to Ax 2 b,' x 20

(D) Maximize z=wb

‘Subject to wA < ¢, w20,
If x, (wo) is an optimal solution to the primal
(dual) problem then there exists a feasible

solution w,(x,) to the dual (primal) such that

CX, = wob.

(b) Use graphical method to solve the dual of the

following linear programming problem :

Minimize z = 6){l + 8){‘2 + 7x3 + 15)‘;4

- Subjectto X, + x_

urther, find ap Optimal solution to the giveD

problem from optimg) solution of the dual proble™
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(c) Obtain the dual of the following linear programming

problém :
Maximize z = 10x, + x, + 2x,
~ Subject to x'1 +x, —2x, 210
X, +4x, - 3x, = 3.
4x, + X, +.x$_£ 20
X, 2, X, £ 0, and x, unrestricted in sign.'
4. (a) A Company has four warehouses, a,  b, ¢ and d.
It is required to deliver a product from these

warehouses to three customers A, B and C. The

warehouses.have the following amounts in stock.
Warehouse : e i@ b c -d
No. of units : | | 15 16 12 13
and the' customer’s requirements are

Cﬁétb_mers : | | A B C

No. of u‘nits‘. | 18 20 .18

The table below shovs./s- the costs of transporting

one unit from warehouses to the customers :

P.T.O.
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a b ¢ d |
A 8 9 6 a
B 6 11 5 10
c 3 8 7 9

Find the optimal schedule and minimum total

transport cost.

(b) A Company is faced with the problem of assigning

| six different machines to six different jobs
Determine the optimal solution of the Asmgnment
Problem with the followmg cost matrix :

a b C d e f
21 B Bl | so | e | as
41 ' '
3 - 2R A 37 45 33
4 74 -_.._
. 27 49 39 32
5| 36 11
37 22 25 18
' 1 33 31 17 28
\_\ ]
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(c) For the following cost minimization Transpor'ta'tlOn
Problem, find initial basic feasible solution by using
North-West comer rule Least Cost method and
Vogel’s approximation method. Compare the three

solutions (in terms of cost).

A B C D Supply
! 19 14 23 o1 11
i ‘ 15 _ 16 12 | 21 . 13
n 30 . 25 | 16 - 39 .19
Demand | 6 , 10 | 12 15

5. (a) Define the Saddle point. The pay-off matrix of
game is given below. Find the best strategy for
each player, and the value of a play of the game

of A and B.
7 Player B

| n mn v V.

I 9 3 1 8 0

Player A

| I 6 5 4 6 7

1] 2 4 3 3 8

W 5 | e 2 2 1

P.T.O.
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(b) Convert the following Game problem into a linear
programming problem for Player A and Player B
and solve it by Simplex method.

~ Player B
3 -2 4
Player A
-1 4 2.

(c) Using Simplex method, solve the system of
equations : | C |

-..3X1+-X2=_7,_

| L ' 31
Also write the inverse of the. matrix [1 __ 1].

-

*(2000)



