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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt
of this question paper.

2. All questions are compulsory.

3. Attempt any two parts from each question.

1. (a) Let S be a nonempty bounded set in R. Let b <0,
and let bS = {bs: s € S]. Prove that inf (bS) =0
(sup S) and sup (bS) = b (inf S). (6.5)

(b) State and prove Archimedean Property of real
numbers. (6.5)

P.T.O.
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(c) Prove that (0,1] is ncither an open set nor a closed

set. (6.5)

(a) If a, b € R, then prove that |Ja] = |b]| € |a = b| <
lﬂl -+ Ibl (())

2.

(b) Prove that an upper bound u of a nonempty set §
in R is the supremum of S if and only if for every

g > 0 there exists an s_ € S such that u — e <s_.
(6)

(c) If S is nonempty subset of R, show that S is
bounded if and only if there exists a closed and
bounded interval I such that S c 1. (6)

3. (a) Prove that lim x, =0 if and only if lim |x,|=0.
n—oo n—oo

Give an example to show that the convergence of

<|xn]> need not imply convergence of (x,).
(6.5)

(b) Prove that every monotonically increasing bounded

above sequence is convergent. (6.5)

(c) Define Cauchy sequence. Show directly using the
definition that

]

]
[P S R 2 A
< +2g+ +n!> is a Cauchy sequence. (6.5)
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4. (a) If¢a ) and (b,) converges to a and b respectively,
prove that (a, +b ) converges (o (at+bh). (6)

(b) Show that a sequence in R can have at the most
one limit, (6)

(¢) Show that lim ¢/ =1 for ¢>0. (6)

n—oo

hn

(a) Examine the convergence or divergence of the
following series.

4 5 6
+= 4=
6
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6.5
Y AT AT AR TRETRE (6-5)

b) P hat Y. S lescopi i
(b) Prove that - is a telescoping series,
- and find its sum. (6.5)
(c) Prove that the p-series Z p>0 converges
for p>1 and diverges for p<1, (6.5)

P.T.O.
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6. (a) State and prove ratio test (limit form), (6)
(b) Examine the convergencee of the following scries,

clearly stating the test uscd

4 27 256 3125
tpt gttt (6)

1
¢ ¢° ¢ c e

(¢) Define Alternating series of real numbers. Test
for the absolute convergence and convergence of

the series 1—l+l_l+... (6)

5 7

(200)
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:

(a) If f: A—> Randifcisa cluster point of A then
prove that f can have only one limit at c. (5

(b) Use € — 0 definition of limit to establish the
following limit : ' (5)

| lim X+ 5
x->-12x + 3

P.T.O.
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- (c) Determine whether the following limit exists in R

1
' inl— 5
lim sgn sin (x) (%)

(d) Let A c R, let f,g,h: A = R, and let ¢ € R be
cluster point of A. If f(x) < g(x) < h(x) for all

xe A, xzcandif imf=L= lim h, then show
xX=C xX—=C

that limg = L. | (5)

X—=C

2. (a) State and prm.re sequential criterion for continuity.
(5)
(b) Let f: R — R be defined as -

__ (1 if xisrational
fl)= {0 if x is irrational

Show that.f is discontinuous at every X in R. -

| (%)

(c) Let fand g be continuous real-valued function on
(a, b) such that f(r) = g(r) for each rational number

r in (a, b) then prove-that f(x) = g(x) for all
x € (a,b). | | ) (5)

(d) State Intermediate Value Theorem. Show that

x = cos x for some X in (O,gj. (5

3. (a) Prove that every continuous function defined on a
closed interval is bounded therein. | (5)
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(b) If f is uniformly continuous on a set S and (s,) is

a Cauchy sequence in S, then prove that (f(s_)) is
a Cauchy sequence.’ : (5)

(¢) Show that the function f(x) = _12_ is not uniformly
X

continuous on (0,1) but it is uniformly continuous

on [a, ©) where a> 0. ' (5)

(d) Let f(x) = x? sin — for x # 0 and f(0) = 0. Show
. X |

that f is differentiable on R and also show that f’
1S not continuous at x # 0. | (5)

(a) Let f be defined on an open interval containing X,

If f assumes its maximum or minimum at x, and

if f is differentiable at x, then show that f'(x,) = 0.

| G

(b) State Intermediate Value Theorem for derivatives.

Suppose f is differentiable on E and f(0) =0,
f(hHy=1, f(2)=1. | |

1 o
(i) Show that f'(x) = 3 for some x € (0,2).
. 2
(ii) Show that f'(x) = 3 for some x e (0,2).
. - )
(c) Show that ex < e* for all x e R. - (5)

P.T.O.
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(d) Suppose f is differentiable on R, 1 < f'(x) = 2 for

x € R, and f(0) = 0. Prove x < f(x) = 2x for all
()

x > 0.

5. (a) Let f be differentiable function on an open interval
(a, b). Then show that f is strictly increasing on

(a, b) if f(x)>0. . . (5)

(b) If y = sin! x, prove that (5)
(1-xd)y.,, - 2n+Dxy,, — 0%y, = 0.

(c) If y=[x+\/1+x2:|m, find y_(0). - ' (%)

(d) State Taylor’s. theorem. Finleay‘lor series
expansion of cos x. ‘ (5)

6. (a) Find all values of k and 1 such that

k +cos Ix B

lim 5 = —4 . & _ (5)

x—0 X

(b) Deterrhing:'the position and nature of the double

points on the curve _ | (5)
y2 = (x—-2)%(x-1).

~ (c) Sketch a graph of the rational function showing
- the horizontal, vertical and oblique asymptote (if

. 1
any) of y = x% — = (5)

(d) Sketch the curve in polar coordinates of
r=cos 20. (5)

(3000)
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1. (a) Solve

{y’(x + 1)+ y}dx + (25&y + 1dy = 0

P.T.O.
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2.

(b) Solve the initial value problem

(

(a) Suppose that a mineral body formed in an ancient |

|

dy

— y=,y2 log x, y(l):2
dx

X

c) (i) Solve

(y sec?x + secx tanx)dx + (tanx + 2y)dy = 0

(i1) Solve by reducing the order y” = (x +y?

cataclysm originally contained the uranium isotope
2380J, (which has a half-life of 4.51 x 10° years)
but no lead, the end product of the radioactiﬁve
- decay of 238U. If today'-the ratio of 238U atcgins,to
lead atoms in the mineral body is _0.9, when did

the cataclysm occur?

(b) Upon the birth of their first child, a couple

deposited Rs. 10,000 in ‘an account that pays

!

e ™ R P

|
|
{
‘.

0 . . .
8% interest compounded continuously. The
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interest payment is allowed to accumulate. In how

many years will the amount double? How much

: : , . th
will the account contain on the child’s 18™

birthday?

(¢) A roast initially at 50°F, is placed in a 375°F oven
at 5 pm. After 75 minutes, it is found that the

temperature of the roast is 125°F. When will the

roast be 150°F? .

3. (a) Show that the solutions e*, €7, e~2* of the third -

order differential equation

+2
dx> dx

4> d’y d "
y 321; Y _ay=0

are linearly independent. Find the particular solution

satisfying the given initial condition.

y(0)=1, y(0)=2, y"(0)=0

: "%, 2 b P.T.O.
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(b) Solve the differential cquation using the method

of Variation of Parameters

d’y | dy
——-4—+4y=2¢

dx2 dx

2x

(¢) Find the general solution of the differential equation '

using the method of Undetermined Coefficients.

d? |
a:%+ Oy = 2cos3x

4. (a) Use the operator method to find the general

solution of the following linear system

dx d

—_ _ t
dt d 2)( 4y_.e
dx dy

— ey = o

dt  dit Y=o
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(b) Find the general solution of the differential

equation. Assume x> 0.

(c) A body with mass m = g kg is attached to the end

of a spring that is stretched 4m by a force of
~ 20N. It is set in motion withlinitial' position
o= Im and initial velocity v, = me/s. Find.the
position function of the body as well as the

X

amplitude, frequency and period of oscillation.

5. (a) Develop a model with two differential equations

describing a predator-prey interaction.

(b) Define equi_librium solution of differential equation.

A model of a three species interaction with two

P.T.O.
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predators that compete for a single prey food-

source 18

dY dZ
= a1X —_ bIXY - C1XZ,_ = a2XY - sz,_ = a3XZ - b3Z

dt dt dt

where a;, b, c. for .i = 1,2,3 are é_lll positive
constants. H‘gre X(t) is the prey dens_ity and Y (t),
Z(t) are the two predator densities. Find all possible

equilibrium populations.

(c) Suppose a population can be modeled usmg the

7

dlfferentlal equation

-

dx I
——=0.2X-0.001X>
dt |

with an initial population size of x, = 100 and a

time step of | month, Find the predlcted population
after 2 months,
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6. (a) The Earth’s atmospheric pressurc p 18 often

d .
modelled by assuming that Eg (the rate at which

pressure p changes with altitude h above sea level)
is proportional to p. Suppose that the pressure at
sea level is 1013 millibars and that the prés‘sure at
an altitude of 20 km is 50 millibars. Use an

exponential decay model -

to describe the system, and then by solving the
equation, find an expression ‘for p in terms of h.
Determine k and the constant of integration from
the initial conditions. What is the atmospheric

pressure at an altitude of 50-km?

(b) Discuss Phase Plane Analysis of predator-prey

model.

.P.T.O.
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(c) A large tank contains 100 litres of salt water.
Initially s, kg of salt is dissolved. Salt water flows
into the tank at the rate of 10 litres per minute,
and the concentration ¢, (t) (kg of salt/litre) of
this incoming water-salt mixture varies with time. -
We assume that the solution in the t:;.mk 1s
thoroughly mixed and that the salt solution flows
out at the same rate at which it flows in: that is,
the volume of water-salt mi.xtl.lre’ in the tank
remains constant. Find a differential equation for

the amount of salt in the tank at any time t.

(2006)



